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Abstract. Ka´rolyi, Pach, and To´th proved that every 2-edge-colored
straight-line drawing of the complete graph contains a monochromatic
plane spanning tree. It is open if this statement generalizes to other
classes of drawings, specifically, to simple drawings of the complete graph.
These are drawings where edges are represented by Jordan arcs, any two
of which intersect at most once. We present two partial results towards
such a generalization. First, we show that the statement holds for cylin-
drical simple drawings. (In a cylindrical drawing, all vertices are placed
on two concentric circles and no edge crosses either circle.) Second, we in-
troduce a relaxation of the problem in which the graph is k-edge-colored,
and the target structure must be hypochromatic, that is, avoid (at least)
one color class. In this setting, we show that every d(n + 5)/6e-edge-
colored monotone simple drawing of Kn contains a hypochromatic plane
spanning tree. (In a monotone drawing, every edge is represented as an
x-monotone curve.)
Keywords: Simple drawing · Cylindrical drawing · Monotone drawing
· Plane subdrawing.
1 Introduction
A simple drawing of a graph represents vertices by pairwise distinct points (in
the Euclidean plane) and edges by Jordan arcs connecting their endpoints such
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that (1) no (relative interior of an) edge passes through a vertex and (2) every
pair of edges intersect at most once, either in a common endpoint or in their
relative interior, forming a proper crossing. Simple drawings (also called good
drawings [7] or simple topological graphs [12]) have been well studied, amongst
others, in the context of crossing minimization (see e.g. [15]), as it is known
that every crossing-minimal drawing of a graph is simple. Also every straight-
line drawing is simple. Further well-known classes of simple drawings relevant
for this work are pseudolinear drawings, where every edge can be extended to a
bi-infinite Jordan arc such that every pair of them intersects exactly once; cylin-
drical simple drawings, where all vertices are placed on two concentric circles, no
edge crosses either circle, and edges between two vertices on the outer (inner)
circle lie completely outside (inside) that circle; 2-page book drawings, where all
vertices lie on a line and no edge crosses that line; and monotone simple drawings,
where all edges are x-monotone curves. Unless explicitly mentioned otherwise,
all considered drawings are simple, and the term simple is mostly omitted.
In this paper we are concerned with finding plane substructures in simple
drawings. Specifically, we study the existence of plane spanning trees in edge-
colored simple drawings of the complete graph Kn. A k-edge-coloring of a graph
is a map from its edge set to a set of k colors.4 A subgraph H of a k-edge-colored
graph G is hypochromatic if the edges of H use at most k − 1 colors, that is, H
avoids at least one of the k color classes. If all edges of H have the same color,
then H is monochromatic. We are inspired by the following conjecture.
Conjecture 1. Every 2-edge-colored simple drawing of Kn contains a monochro-
matic plane spanning tree.
Ka´rolyi, Pach, and To´th [10] proved the statement for straight-line drawings,
where the 2-edge-coloring can also be interpreted as a Ramsey-type setting,
where one color corresponds to the edges of the graph and the other color to the
edges of its complement. Such an interpretation is less natural in the topological
setting, where the edges are not implicitly defined by placing the vertices.
Unfortunately, a proof of Conjecture 1 seems elusive. However, we show that
it holds for specific classes of simple drawings, such as 2-page book drawings,
pseudolinear drawings, and cylindrical drawings. The result for 2-page book
drawings can be shown straightforwardly. The statement for pseudolinear draw-
ings follows from generalizing the proof for straight-line drawings by Ka´rolyi,
Pach, and To´th [10] to this setting.
Proposition 1. Every 2-edge-colored 2-page book drawing of Kn contains a
plane monochromatic spanning tree.
Proposition 2. Every 2-edge-colored pseudolinear drawing of Kn contains a
plane monochromatic spanning tree.
See Appendix A for proofs of those statements.
4 Note that the coloring need not be proper nor have any other special properties.
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The result for cylindrical drawings is more involved; it forms our first main
contribution.
Theorem 1. Every 2-edge-colored cylindrical simple drawing of Kn contains a
monochromatic plane spanning tree.
In light of the apparent challenge in attacking Conjecture 1, we also consider
the following generalized formulation, which uses more colors.
Conjecture 2. For k ≥ 2, every k-edge-colored simple drawing of Kn contains a
hypochromatic plane spanning tree.
Note that both conjectures are in fact equivalent: On the one hand, Con-
jecture 2 implies Conjecture 1 by setting k = 2. On the other hand, assuming
Conjecture 2 holds for some k, it also holds for every larger k′ because we can
simply merge color classes until we are down to k colors. Avoiding any one of
the resulting color classes also avoids at least one of the original color classes.
Our second result is the following statement about monotone drawings.
Theorem 2. Every d(n + 5)/6e-edge-colored monotone simple drawing of Kn
contains a hypochromatic plane spanning tree.
Finally, note that some assumptions concerning the drawing are necessary to
obtain any result on the existence of plane substructures. Without any restric-
tion, every pair of edges may cross. The class of simple drawings is formed by
two restrictions: forbid adjacent edges to cross and forbid independent edges to
cross more than once. Both restrictions are necessary in the statement of Con-
jecture 1. If adjacent edges may cross, then one can construct drawings where
every pair of adjacent edges crosses (e.g., in the neighborhood of the common
vertex), implying that no plane substructure can have a vertex of degree more
than one. And for star-simple drawings, where adjacent edges do not cross but
independent edges may cross more than once, already K5 admits 2-edge-colored
star-simple drawings without any monochromatic plane spanning tree; see Fig. 1.
Fig. 1: Star-simple drawings of K5 without monochromatic plane spanning tree.
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Related Work. The problem of finding plane subdrawings in a given drawing
has gained some attention over the past decades. We mention only a few results
from the vast literature on plane substructures. In 1988, Rafla [13] conjectured
that every simple drawing of Kn contains a plane Hamiltonian cycle. By now
the conjecture is known to be true for n ≤ 9 [1] and several classes of simple
drawings (e.g., 2-page book drawings, monotone drawings, cylindrical drawings),
but remains open in general. See also [3,4,5,11,14] for some results about plane
spanning trees in straight-line drawings of complete graphs. In an edge-colored
setting, many other coloring schemes were studied in this context, see e.g. [6,8].
Observe that if one color class of a drawing is not spanning, the drawing
of the remaining colors contains a complete bipartite graph as a subdrawing.
Recently, it has been shown that every simple drawing of the complete bipartite
graph contains a plane spanning tree [2]. Consequently, this implies the following
lemma, which turns out to be useful later on (see Appendix A for the proof).
Lemma 1. Let D be a k-edge-colored simple drawing of Kn, for k ≥ 2. If one
of the color classes is not spanning, then D contains a hypochromatic plane
spanning tree.
2 Cylindrical Drawings
This section is devoted to Theorem 1, which states that every 2-edge-colored
cylindrical drawing of Kn contains a monochromatic plane spanning tree. We
give a detailed outline of the proof. The full proof can be found in Appendix B.
For easier readability, we introduce some names for the different elements
of a cylindrical drawing (cf. Fig. 2). We call the vertices on the inner (outer)
circle inner (outer) vertices. Similarly, we call edges connecting two inner (outer)
vertices inner (outer) edges; the remaining edges are called side edges. The edges
between consecutive vertices on the inner (outer) circle are called cycle edges
and the union of all inner (outer) cycle edges are called inner (outer) cycle. The
definition of cylindrical drawings implies that all cycle edges are uncrossed. The
rotation of a vertex v is the circular ordering of all edges incident to v. In this
ordering, the cycle edges separate the inner (outer) edges from the side edges.
Hence, the rotation of v induces a linear order on the side edges incident to v.
Proof (sketch). Our proof consists of two steps. In Step 1, we restrict consider-
ations to drawings fulfilling two properties, for which we compute a monochro-
matic plane spanning subgraph using a multi-stage sweep algorithm. In Step 2,
we show how to handle drawings that do not fulfill all properties from Step 1.
Step 1. Let D be a 2-edge-colored cylindrical drawing that fulfills the following
properties:
(P1) D has inner and outer vertices, and
(P2) D’s inner and outer cycle are both monochromatic, but of different color.
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Fig. 2: Sketch of a cylindrical drawing. Inner edges are drawn blue, outer edges
red, and side edges black. vw is the first side edge in the clockwise rotation of v.
Assume without loss of generality that the inner cycle of D is blue and hence
the outer cycle is red. We will refer to them as the blue and red cycle and to the
vertices on them as blue and red vertices, respectively.
We use the following algorithm to compute a (bichromatic) subdrawing H
of D consisting of some side edges of D and their endpoints (cf. Fig. 3).
Phase 0. Initially, let H be empty. Choose an arbitrary inner vertex as initial
rotation vertex vcur, set the rotation direction to clockwise, and set the first
side edge of vcur in the rotation direction as initial current edge ecur.
Phase 1. We repeat the following process while ecur is a side edge and while H
is still missing vertices from the cycle of D not containing vcur: Add ecur to H;
If ecur does not have the same color as vcur, set vcur to be the other endpoint
of ecur and reverse the rotation direction (clockwise ↔ counterclockwise);
In any case, set ecur to be the next edge incident to vcur after ecur in the
(possibly changed) rotation direction.
Phase 2. If H contains all vertices of D from the cycle not containing vcur:
Return H.
Phase 3. Otherwise: Set Hprev = H, reset H to be empty, reverse the rotation
direction, set ecur to be the first side edge of vcur in the new rotation direction,
and restart with Phase 1.
The following invariants hold for the algorithm (see Appendix B for a proof):
(J1) At any time, the union of H and the two cycles of D forms a plane drawing.
(J2) Any blue (red) vertex in H is incident to a red (blue) edge in H, except
for the current rotation vertex.
(J3) Assume that Phase 1 is performed more than once and let V (H) be the set
of vertices of H. Then for any i ≥ 2, after round i of Phase 1, either V (H)
is a strict superset of V (Hprev) or H contains all vertices from the cycle
not containing vcur, the current rotation vertex (or both conditions hold).
Using those invariants, we can now complete Step 1: By (J3), the algorithm
terminates. And by (J1) and (J2), at least one of the color classes of the union
of H and the two cycles of D is a monochromatic plane spanning graph for D.
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v v v
v′ v′ v′
w w w
Fig. 3: The first steps of the algorithm. The black arc at vertex v indicates that
vv′ is the first side edge of v in clockwise order (the initial rotation direction).
Step 2. Now assume that D violates at least one of the properties (P1) and (P2).
If it violates (P1), then D is isomorphic to a 2-page book drawing and hence
contains a monochromatic plane spanning tree (see Proposition 1).
If D does not fulfill (P2), then we remove vertices whose cycle edges are
of different color until we reach a subdrawing D′ where both cycles are mono-
chromatic, find a plane monochromatic spanning tree on D′ by either Step 1 or
Lemma 1, and then extend it to a monochromatic spanning tree on D. uunionsq
3 Monotone Drawings
In this section, we prove the existence of hypochromatic plane spanning trees in
k-edge-colored monotone drawings of Kn, for k linear in n.
Lemma 2. Conjecture 1 holds for any simple drawing of Kn with n ≤ 7 vertices.
For n ≤ 4 this can easily be observed by hand. For n = 5, . . . , 7 we considered
all weak isomorphism classes5 of simple drawings of Kn [1] and checked for all
possible 2-edge colorings that there exists a monochromatic plane spanning tree.
Computations for n = 8 are currently out of reach, as there are 5,370,725 weak
isomorphism classes of simple drawings [1] and more than 108 possible colorings
for each of them.
Proof (of Theorem 2). Let d ≥ 2 be an integer constant, and let k = d(n+ d−
1)/de = d(n − 1)/de + 1. The argument works for any d so that Conjecture 1
holds for all monotone drawings on up to d + 1 vertices.
Consider a k-edge-colored monotone drawing D of Kn, and let v0, v1, . . . , vn−1
denote the sequence of vertices in increasing x-order. We partition the ver-
tices into k − 1 groups G0, . . . , Gk−2 of size at most d + 1 by setting Gi =
(vdi, vdi+1, . . . , vdi+d). (The last group may have less than d + 1 vertices.) Ob-
serve that Gi ∩Gi+1 = {vd(i+1)}.
5 Two simple drawings of Kn are weakly isomorphic iff they have the same crossing
edge pairs.
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We proceed in two phases. In both phases we consider each group separately.
At the end of the first phase, we choose which color to remove. At the end of the
second phase, we have an induced plane spanning tree Ti for Gi that avoids the
chosen color, for each i ∈ {0, . . . k − 2}. As D is monotone, the union ⋃k−2i=0 Ti
forms a hypochromatic plane spanning tree in D.
In the first phase, we consider each group Gi, and check whether it has a
monochromatic plane spanning tree in some color c. If so, we put c in a set S
of colors to keep. If not, then by Conjecture 1 (which we assume to hold for Gi,
as Gi has at most d+ 1 vertices) we can remove any single color and still find a
monochromatic plane spanning tree in Gi. (If c is the color to be removed, then
consider the bicoloring where all colors other than c are merged into a single
second color.) As |S| ≤ k − 1, we can choose a color not in S to be removed at
the end of the first phase.
In the second phase, for each group Gi we either select a monochromatic
plane spanning tree (if it exists), or find a plane spanning tree that avoids the
chosen color.
To obtain the statement of Theorem 2, we use the result of Lemma 2. uunionsq
4 Open Problems
Besides resolving the conjectures in full generality, it would be interesting to
prove them for other specific classes of drawings (e.g., monotone). A useful step
in this direction would be to expand the range of k for which Conjecture 2 holds.
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A Preliminary Results
Observation 1. Let D be a 2-edge-colored simple drawing of Kn and v be a
vertex incident to (monochromatically) uncrossed edges of both color classes. If
D \ {v} contains a monochromatic plane spanning tree, then so does D.
Using this observation, it is not hard to see that any 2-page book drawing
contains a monochromatic plane spanning tree.
Proposition 1. Every 2-edge-colored 2-page book drawing of Kn contains a
plane monochromatic spanning tree.
Proof. Let D be a 2-edge-colored 2-page book drawing of Kn (with colors red and
blue). As long as D contains vertices that are incident to at least one (monochro-
matically) uncrossed blue edge and at least one (monochromatically) uncrossed
red edge, iteratively remove these vertices to obtain a subdrawing D′. Clearly,
D′ remains a 2-page book drawing.
Label the vertices in D′ with v1, v2, .., vj from left to right. By the properties
of 2-page book drawings, the edges vivi+1 between consecutive vertices are un-
crossed. Since no vertex is adjacent to two differently colored, uncrossed edges,
the path v1 . . . vj is monochromatic and thus forms a plane monochromatic span-
ning tree for D′.
Finally, using Observation 1, re-add the previously removed vertices in inverse
order to obtain a plane monochromatic spanning tree of D. uunionsq
Proposition 2. Every 2-edge-colored pseudolinear drawing of Kn contains a
plane monochromatic spanning tree.
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The proof for the straight line case in [10] uses two concepts: The existence of
a convex hull and the monotonicity of all edges. We will observe that pseudolinear
drawings fulfill both and then follow the lines of the straight-line proof.
Proof. The proof goes by induction on the number n of vertices. As induction
base let n = 2. Then there is a plane monochromatic spanning tree consisting of
the only edge in the drawing. So assume that any pseudolinear drawing of Kn−1
contains a plane monochromatic spanning tree.
For the induction step we consider a 2-colored pseudolinear drawing of Kn
and call it D. We consider first the case that there exists a vertex v that is
incident to an uncrossed red and an uncrossed blue edge. Then the subdrawing
D \{v} contains a plane monochromatic spanning tree by our induction hypoth-
esis. Thus, the drawing D contains a plane monochromatic spanning tree by
Observation 1.
So let us assume that D does not contain any vertex that is incident to
two differently colored crossing-free edges. To prove that D contains a plane
monochromatic spanning tree in this case, we will use the following well known
fact (whose proof we include for the sake of self-containment).
Claim. The outermost edges of any pseudolinear drawing of Kn form an un-
crossed cycle.
Proof of Claim: Assume, for contradiction, there are edges e1 = u1v1, e2 =
u2v2 that lie partly on the boundary and cross each other. Let H be the subdraw-
ing induced by {u1, u2, v1, v2}. Let e1 be extended by pseudoline `1 and e2 be ex-
tended by `2. The pseudolines `1 and `2 are intersected by all edges of H\{e1, e2}
in one of the vertices of H. Thus, they cannot have a crossing point with any
edges of H \ {e1, e2} in the interior of that edge. Thus, every edge other than e1
and e2 has to stay completely on one side of each of `1 and `2, respectively. The
edges together form a cycle that completely encloses e1 and e2; see Figure 4.
This means in particular that neither e1 nor e2 can lie (partly) on the boundary
of the drawing. 
Since D does not contain any vertices that are incident to crossing-free edges
colored in different colors, it follows that the boundary cycle of D is monochro-
matic. Assume without loss of generality that the boundary cycle of D is red. If
all vertices lie on the boundary, the boundary edges form a plane red spanning
tree and we are done. Otherwise there exists at least one interior vertex. Since
by [9], every pseudoline arrangement is isomorphic to a pseudoline arrangement
in which every pseudoline is x-monotone, we can assume that our pseudolinear
drawing is x-monotone. This implies that there are at least two more uncrossed
edges: One uncrossed edge is incident to the leftmost vertex and the leftmost
vertex that is not on the boundary; another uncrossed edge is incident to the
rightmost vertex and the rightmost vertex that is not on the boundary. Both
edges have to be red, because D does not contain any vertices that are adjacent
to two differently colored uncrossed edges.
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e1 e2
u1
v1
u2
v2
`2 `1
Fig. 4: The edges e1 and e2 cross and are extended by the (black, dashed) pseu-
dolines `1 and `2. The (blue) edges that are in the same K4 are forced by `1
and `2 to stay on one side of the crossing.
By the assumption that our pseudolinear drawing is x-monotone we can label
the vertices x1, x2, ..., xn in x-monotone order. By our induction hypothesis,
the subdrawings induced by x1, x2, ..., xi and by xi, xi+1, ...., xn contain plane
monochromatic spanning trees for any i ∈ {2, ..., n − 1}. Let T li be the plane
monochromatic spanning tree of the subdrawing induced by x1, x2, ..., xi and T
r
i
the plane monochromatic spanning tree subdrawing induced by xi, xi+1..., xn .
If both of them have the same color, then T li
⋃
T ri forms a plane monochromatic
spanning tree for the whole drawing. So assume that they have different colors.
We know from the color of the first and the last edge that T l1 and T
r
n−1 are
red. Thus there has to be an i for which T li is red and T
r
i+1 is red as well. If the
edge xixi+1 is red, we can use it to connect the two spanning trees. If the edge is
blue, it is not part of the boundary cycle. We can use the boundary edge above
or the boundary edge below xixi+1 to connect the two spanning trees. uunionsq
Lemma 1. Let D be a k-edge-colored simple drawing of Kn, for k ≥ 2. If one
of the color classes is not spanning, then D contains a hypochromatic plane
spanning tree.
Proof. Assume, without loss of generality, that the edges of the red color class
contain no spanning tree (not even a crossing one). Then the subdrawing induced
by the red edges has at least two different components. Let A be the vertex set
of one of those components and let B be the vertices that are not in A. There
are no red edges between A and B. This means that the subdrawing induced
by the remaining edges contains a complete bipartite graph with sides of the
partition A and B. Every complete bipartite graph contains a plane spanning
tree [2]. Thus D contains a plane hypochromatic spanning tree (consisting of
only non-red edges). uunionsq
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B Full proof of Theorem 1
Theorem 1. Every 2-edge-colored cylindrical simple drawing of Kn contains a
monochromatic plane spanning tree.
Proof. Our proof consists of two steps. In Step 1, we restrict considerations to
drawings fulfilling two properties, for which we compute a monochromatic plane
spanning subdrawing using a multi-stage sweep algorithm. In Step 2, we show
how to handle drawings that do not fulfill all properties from Step 1.
Step 1. Let D be a 2-edge-colored cylindrical drawing that fulfills the following
properties:
(P1) D has inner and outer vertices, and
(P2) D’s inner and outer cycle are both monochromatic, but of different color.
To simplify the description, we assume without loss of generality that the
inner cycle of D is blue and hence the outer cycle is red. We will refer to them
as the blue and red cycle and to the vertices on them as blue and red vertices,
respectively. We remark that, if there are less than three vertices on a cycle, then
the cycle is in fact not a cycle in the graph-theoretic meaning, as it has at most
one edge. Moreover, if a cycle has only one vertex and hence does not have any
edges, we can assume it to be of any color.
We use the following algorithm to compute a (possibly bichromatic) sub-
drawing H of D consisting of a subset of side edges of D and their endpoints
(cf. Fig. 5).
Phase 0. Initially, let H be empty. Choose an arbitrary inner vertex as initial
rotation vertex vcur, set the rotation direction to clockwise, and set the first
side edge of vcur in the rotation direction as initial current edge ecur.
Phase 1. We repeat the following process while ecur is a side edge and while H
is still missing vertices from the cycle of D not containing vcur: Add ecur to H;
If ecur does not have the same color as vcur, set vcur to be the other endpoint
of ecur and reverse the rotation direction (clockwise ↔ counterclockwise);
In any case, set ecur to be the next edge incident to vcur after ecur in the
(possibly changed) rotation direction.
Phase 2. If H contains all vertices of D from the cycle not containing vcur:
Return H.
Phase 3. Otherwise: Set Hprev = H, reset H to be empty, reverse the rotation
direction, set ecur to be the first side edge of vcur in the new rotation direction,
and restart with Phase 1.
Intuitively speaking, this algorithm sweeps back and forth in a zig-zag manner
(see Fig. 5 for an illustration). We remark that Phase 1 adds at least one edge
to H, namely ecur = vv
′ as set in Phase 0. Moreover, the active subdrawing H
constructed in Phase 1 of the algorithm consists of a main path (also called
backbone path) of alternating red and blue edges corresponding to the switches
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v v v
v′ v′ v′
w w w
Fig. 5: The first steps of our algorithm. The black arc at vertex v indicates that
vv′ is the first side edge of v in clockwise order (the first rotation direction).
between the two cycles, i.e., each vertex along the backbone path has been a
rotation vertex. Additionally, each vertex of this backbone path may have an
arbitrary number of monochromatic leaves attached. This graph structure is
called caterpillar.
An illustration of Phase 1 in reverse direction can be found in Fig. 8. As we
will see later, at least some edges causing a switch of cycles will differ from the
previous backbone edges. However, the first edges in the reverse process (until
the first switch) are the same as the last edges of the previous iteration.
Of course, the graph H (returned in Phase 2) is not the plane monochromatic
spanning tree we are looking for. But we claim that either the red cycle together
with the red edges of H or the blue cycle together with the blue edges of H
forms a plane monochromatic spanning subdrawing of D.
To prove this and thereby the correctness of our algorithm, we need the
following invariants concerning the active subdrawing H.
(J1) At any time, the union of H and the two cycles of D forms a plane drawing.
(J2) Any blue (red) vertex in H is incident to a red (blue) edge in H, except
for the current rotation vertex.
(J3) Assume that Phase 1 is performed more than once and let V (H) be the set
of vertices of H. Then for any i ≥ 2, after round i of Phase 1, either V (H)
is a strict superset of V (Hprev) or H contains all vertices from the cycle
not containing vcur, the current rotation vertex (or both conditions hold).
Before showing that the invariants (J1) – (J3) indeed hold, we first show
how to obtain a plane monochromatic spanning subdrawing from the output
of our algorithm under the assumption that (J1) – (J3) are true. Invariant (J3)
guarantees the termination of our algorithm. Further, by (J1) and (J2), it follows
that the union of the result H of the algorithm and the two cycles contains a
monochromatic plane spanning subdrawing. Indeed, let H be the output of our
algorithm. Then V (H) contains all vertices of the cycle that does not contain
the last rotation vertex. Assume first that this cycle is blue. As by (J2), all blue
vertices are incident to a red edge in H, the red cycle together with the red edges
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in H forms a spanning subdrawing in D, which, by (J1), is plane. Analogously,
if the cycle not containing the last rotation vertex is red, then V (H) contains all
vertices of the red cycle, each of which is incident to a blue edge by (J2). Hence,
the blue cycle and the blue edges in H form a plane spanning subdrawing of D.
Proving the invariants. Invariants (J1) and (J2) follow quite straightforwardly
from the construction, whereas (J3) is more involved. Recall that in the rotation
of any vertex v, all side edges incident to v appear consecutively. Moreover, we
state the following observation, which will be useful for proving (J1) and (J3).
Observation 2. In the rotation of any vertex v, the order of edges to the vertices
of each circle is the same as the order along that circle. In particular, if v1, . . . , vk
are all vertices on the circle not containing v in circular order, then there exists
a 1 ≤ j ≤ k such that vj , vj+1, . . . vk, v1, . . . vj−1 appear in that order in the
rotation around v.
(J1). Observation 2 together with the fact that incident edges must not inter-
sect and we stop as soon as we reach an edge incident to v or v′ implies (J1)
(remember, v and v′ are the incident vertices of the very first edge of Phase 1).
(J2). All leaves that are attached to the backbone path fulfill (J2) by construc-
tion. Concerning, the vertices on the backbone path, we only switch cycles when
reaching an edge of color different than the current rotation vertex. Hence, all
but the last rotation vertex fulfill (J2).
(J3). Let i ≥ 2 and consider iteration i of Phase 1. Let H be the active sub-
drawing at the end of this current iteration and Hprev the one at the end of the
previous iteration. Let v be the first and let x be the last rotation vertex of the
previous iteration, i.e., x is the first rotation vertex of the current iteration. Let
z denote the last rotation vertex of the current iteration.
Then, we need to show that H covers all vertices from the cycle not con-
taining z or V (H) is a strict superset of V (Hprev). To this end, we consider the
following cases depending on the relative position of v and x.
Case 1: v and x lie on the same cycle.
In this case (the first and the last rotation vertex lie on the same cycle) we
argue that our algorithm in fact covered all vertices from the other cycle,
i.e., is already finished before triggering a new iteration.
Without loss of generality, let v and x be blue vertices and assume there is
a red vertex y that has not been covered by Hprev. By Observation 2, this
vertex must lie “behind” the already considered vertices on the red cycle. If
v is equal to x, i.e., we considered only a single rotation vertex, we covered
all red vertices. Otherwise, the edges vy and xy must intersect (see Fig. 6),
which is not possible in a simple drawing.
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v
x
y
Fig. 6: The black arcs around v and x indicate that there are no edges incident
to x (resp. v) in this direction. This forces the black edges yv and yx to intersect,
which is forbidden in a simple drawing.
Case 2: v and x lie on different cycles.
This is the more interesting case, that indeed triggers a new iteration of our
algorithm in the reverse direction.
Assume, without loss of generality, that v is a blue vertex and x is red (i.e.,
the previous iteration started on the blue cycle and the current iteration on
the red cycle). The argument of Case 1 of course also applies to the current
iteration and hence, we can safely assume z to be a blue vertex.
Remember that every blue vertex u ∈ V (Hprev) (of the previous iteration)
is incident to a red edge uur ∈ E(Hprev) (due to (J2)). Then, the following
observation turns out to be very helpful.
Claim. When rotating around a blue vertex u ∈ V (Hprev) in the current
iteration at latest we switch cycles with the edge uur, i.e., it is not possible
to “skip” this red edge of the previous iteration.
Proof of Claim: Assume that this is not true and let u be the first blue
rotation vertex violating this property, i.e., u is incident (in H) to a red
vertex after ur. Let ru be the blue backbone edge (in H) that led from r to
u. In particular, r lies behind ur. This obviously also implies that r is not
equal to x. So, let br be the red backbone edge (in H) that led from b to r.
In particular, the algorithm considered b before u. Moreover, since the edges
uur and br intersect, r must be behind br (the neighbor of b incident to b’s
red backbone edge in the previous iteration). Hence, b must have skipped its
red edge bbr from the previous iteration (see Fig. 7). This is a contradiction
to u being the first such blue vertex. 
To summarize, z is a blue vertex and by the above claim z cannot be in
V (Hprev) (except if the stopping condition of covering all vertices from the
other cycle was reached earlier).
Hence, it remains to show that all red vertices of Hprev are also in H. If this
was not the case, then in particular v′ is not in H (Observation 2) and the
edge zv′ would intersect the edge vv′ (see Figure 8). Again, a contradiction
to the drawing being simple.
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r
Fig. 7: If the blue rotation vertex u is incident to some edge behind ur in the
iteration from x to v (the dashed edge), then r, the neighbor of the blue backbone
edge, is also behind ur. Hence, b must also be a blue rotation vertex that skipped
its red edge bbr.
v
x
w
x
w
v
v′
z
v′
Fig. 8: On the left, the algorithm started from v and got stuck in x. On the
right, the next iteration (in reverse direction) is illustrated. If we get stuck at
the edge zw (rotating around z), there is no way to connect z and v′ without
crossing vv′.
Step 2. Now let D be a 2-edge-colored cylindrical drawing that does not fulfill
at least one of the properties (P1) and (P2).
If it does not fulfill (P1), the inner or outer cycle is empty, which implies
that D is isomorphic to a 2-page book drawing and hence contains a monochro-
matic plane spanning tree (see Proposition 1).
So assume that D fulfills (P1) but does not fulfill (P2). If at least one of
the cycles of D is bichromatic (contains red and blue edges), then we iteratively
remove a vertex whose incident cycle edges are of different color until we obtain
a subdrawing D′ of D in which both cycles are monochromatic. Clearly, D′ is a
cylindrical drawing, since removing a vertex cannot break any of the properties
of a cylindrical drawing (all vertices still lie on the inner or outer circle, neither
circle is crossed, and all edges between two vertices on the inner (outer) circle
still lie completely inside (outside) that circle).
If the two cycles of D′ are of different color, D′ fulfills the properties (P1)
and (P2) and hence contains a plane monochromatic spanning tree by Step 1.
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If, on the other hand, the two cycles in D′ have the same color, then the union
of them plus one side edge of that color gives a monochromatic plane spanning
subdrawing for D′, or, if such an edge does not exist, the according color class
is not spanning and hence D′ contains a monochromatic plane spanning tree
by Lemma 1. Finally, as cycle edges are always uncrossed, we can extend the
obtained spanning tree for D′ to one for D by re-adding the removed vertices in
inverse order by Observation 1. uunionsq
